In this paper, a novel circuit architecture is proposed to generate narrow pulses with high flexibility and without high cost. The desired narrow pulse signal is obtained via combining multiple subsignals. The bandwidth of individual sub-signals is much smaller than the bandwidth of the desired pulse signal, and thus the sub-signals can be generated by low-speed digital-to-analog converters (DACs). When the sub-signals are combined, their spectra are stitched into the wideband spectrum of narrow pulse signal. Theoretically, arbitrary pulse waveforms can be synthesized through the proposed ''spectrum stitching'' technique without resorting to high-speed DACs, as long as the sub-signals are synchronized among each other in time. A prototype circuit is implemented to verify the fundamental scheme of the proposed ''spectrum stitching'' technique. The experimental results demonstrate that, Dirichlet pulses with temporal width of approximately 4 ns are successfully synthesized through combining the outputs of a regular 80-MHz waveform generator. In addition, numerical and experimental results indicate that, the proposed ''spectrum stitching'' circuit architecture is quite insensitive to various practical errors.
I. INTRODUCTION
Pulse generators can be roughly classified into two categories: high-voltage pulse generators and low-voltage pulse generators. High-voltage pulse generators are usually termed as pulsed power generators [1] - [4] . They generate pulses with voltage higher than 1 kV, with a wide range of applications in medicine, food treatment, plasma, etc. The output of high-voltage pulse generators has pulse width on the order of micro-second and milli-second typically. The research on low-voltage pulse generators in recent years is largely driven by the development of ultra-wideband technology [5] - [7] . Low-voltage pulse generators generate pulses with voltage well below the kV level, with applications primarily in wireless communication and radar. The pulse width associated with low-voltage pulse generators is typically on the order of nano-second and pico-second, which is smaller than high-voltage pulse generators.
The associate editor coordinating the review of this manuscript and approving it for publication was Ravibabu Mulaveesala . This work is on low-voltage pulse generators. As the most straightforward approach, low-voltage pulse signals can be defined by digital circuits and then converted to the analog waveform through digital-to-analog converters (DACs) [8] . However, generating narrow pulses requires high sampling rates for the DACs (for instance, the sampling rate in [8] is as high as 20 G samples per second). It is well known that, the complexity, cost, and power consumption of DACs increase drastically with the increase of sampling rate [9] - [12] . As a more cost-effective approach, numerous pulse generators in literatures take advantage of sharp rising/falling edges to construct narrow pulses [13] - [18] . In contrast to constructing pulses in the time domain, it is possible to synthesize narrow pulses in the frequency domain. As proposed in [19] , arbitrary pulse waveforms can be synthesized using multiple discrete continuous-wave elements based upon the theory of Fourier series. Compared with the time-domain methods in [13] - [18] , the frequencydomain synthesis approach is found more precise and versatile [20] . Synthesizing pulses using multiple continuous-wave elements can be considered the frequency-domain counterpart of DAC: in DAC the pulse is defined one temporal sample by one temporal sample, whereas in frequency-domain synthesis the pulse is defined one spectral sample by one spectral sample. When applied to generate narrow pulses, the frequency-domain synthesis method and DAC both suffer from issues including high cost, high complexity, and high power consumption. In order to reduce the cost and complexity of frequency-domain synthesis method, ''analog bandwidth interleaving'' technique was invented in 2009, in which the desired output waveform is decomposed into sub-signals in the frequency domain and the sub-signals are generated by low-speed DACs [21] . A range of research efforts based on ''analog bandwidth interleaving'' technique have been published since 2009 [9] , [10] , [22] - [26] . Nevertheless, the research efforts published in [9] , [10] , [22] - [26] are not devoted to generating narrow pulses, though theoretically the ''analog bandwidth interleaving'' technique is capable of generating arbitrary waveforms including pulse waveforms.
This work aims to generate narrow pulses using a ''spectrum stitching'' technique, which is similar to but different than the ''analog bandwidth interleaving'' technique. The ''spectrum stitching'' technique in this paper and the ''analog bandwidth interleaving'' technique share the same basic approach: the desired output signal is obtained via combining multiple sub-signals, the bandwidth of individual sub-signals is much smaller than the bandwidth of the desired output signal, and thus the sub-signals can be generated by low-speed DACs. The major difference between ''spectrum stitching'' technique and ''analog bandwidth interleaving'' technique is that, the ''spectrum stitching'' technique in this paper does not employ any analog filters. As a benefit of avoiding analog filters, the synthesis process could be accomplished without any calibration or compensation. In certain applications, the ''spectrum stitching'' technique may be more favorable than the ''analog bandwidth interleaving'' technique.
In this paper, a prototype circuit is implemented to verify the fundamental scheme of the proposed ''spectrum stitching'' technique. Experimental results demonstrate that, Dirichlet pulses with temporal width of approximately 4 ns are successfully synthesized through combining the outputs of a regular 80-MHz waveform generator. To the best of the authors' knowledge, generating pulses with temporal width as small as 4 ns via frequency combining/ stitching/interleaving has not been demonstrated experimentally in the past. As discussed in the previous paragraph, the synthesis process is accomplished without any calibration or compensation in this work. Though avoiding calibration and compensation may lead to lower cost and lower complexity, it makes the entire system more prone to errors. Fortunately, numerical and experimental results indicate that, the proposed ''spectrum stitching'' circuit architecture is quite insensitive to various practical errors as far as generating narrow pulses is concerned. The experiments in this paper constitute a preliminary verification of the ''spectrum stitching'' technique. Though the prototype circuit is only capable of generating Dirichlet-like pulses, the fundamental architecture of ''spectrum stitching'' has the potential of generating arbitrary waveforms. On the basis of this paper, we are currently conducting more comprehensive investigations on the ''spectrum stitching'' technique and attempting to generate more diverse waveforms.
A ''spectrum stitching'' concept similar to this research was proposed in Reference [27] , which synthesizes narrow Gaussian pulses via stitching multiple Gaussian pulses. Compared with [27] , this paper presents the theory and circuit architecture of ''spectrum stitching'' more systematically. Moreover, experimental verifications are included in this paper but are not reported in [27] .
As a limitation of applications, the proposed ''spectrum stitching'' technique is unable to synthesize high-voltage or high-power pulses. The proposed technique heavily relies on semi-conductor devices (such as mixers) to accomplish mathematical operations including multiplication and summation. Under the condition of high voltage or high power, semi-conductor devices unavoidably exhibit strong nonlinear behaviors, which would lead to significant errors in the mathematical operations. It is noted that semi-conductor devices such as IGBT are popularly employed in high-voltage pulse generators. Since the primary role of semi-conductor devices in high-voltage pulse generators is switching, strong nonlinearity does not produce significant errors.
The rest of this paper is organized as follows. Section II describes the proposed circuit architecture to generate narrow pulses through ''spectrum stitching.'' Some experimental results are presented in Section III. Finally, Section IV relates to the conclusions.
II. CIRCUIT ARCHITECTURE TO GENERATE NARROW PULSES THROUGH SPECTRUM STITCHING
where j = √ −1. As depicted in Fig. 1 , D N ,δ includes a pulse train in the time domain. The temporal width of each pulse is defined as w 0 = 4π/[(2N + 1)δ]. In the frequency domain, Dirichlet signal comprises 2N + 1 spectral lines, all with amplitude 1 and phase 0.
The following mathematical relationship between D N ,δ and D (3N +1),δ can be derived straightforwardly.
(2) VOLUME 8, 2020 Equation (2) can be interpreted by the theory of ''spectrum stitching'' in Fig. 2 . Apparently,
Multiplications with e −j(2N +1)δt and e j(2N +1)δt shift the spectrum of D N ,δ by (2N + 1)δ to the left and to the right, respectively. After 
Obviously, the output is a pulse train as the input is. Because the spectral coverage of S 1 (t) is three times as the spectral coverage of input D N ,δ (t), the pulse width in S 1 (t) is one-third as the pulse width in D N ,δ (t). Specifically with the pulse width of D N ,δ (t) defined as w 0 , the pulse width of S 1 (t) is w 1 = w 0 /3. With Channel 2 and Channel 3 further incorporated, the output would achieve wider spectral coverage and narrower pulses, as tabulated in Table 1 . When four channels are summed up, the pulse width of output S 3 (t) is w 3 = w 0 /7.
The circuit system in Fig. 4 is designed to verify the architecture presented in Fig. 3 . A waveform generator manufactured by Agilent with model number 33250A is used as a DAC to generate base-band signal B(t). The time domain waveform of B(t) and its spectrum are displayed in Section III. B(t) resembles the waveform of a Dirichlet signal. However due to the limitation of equipment, B(t) is quite different from an ideal Dirichlet signal. As observed from the plots in Section III, the spectrum of B(t) is not perfectly flat and it is not strictly band-limited. Although B(t) is not an ideal Dirichlet signal, its similarity to a Dirichlet signal is sufficient for the sake of verifying the ''spectrum stitching'' scheme, as demonstrated by experimental results in Section III. In addition to B(t), the waveform generator Agilent 33250A generates a 10-MHz continuous-wave signal. Based on the 10-MHz continuouswave signal, a 100-MHz continuous-wave signal, a 200-MHz continuous-wave signal, and a 300-MHz continuous-wave signal are obtained via three frequency multipliers, as shown in Fig. 4 . The three continuous-wave signals are rigorously synchronized with B(t) in time, which is vital for the ''spectrum stitching'' scheme. Next, Channels 1, 2, and 3 signals are resulted by mixing B(t) with the three continuous-wave signals respectively; and B(t) is directly supplied to Channel 0. Finally through a summing circuit, the four channels are summed up to becoming the output signal S(t). Figure 5 exhibits a photo of the circuit system.
There are several implementation issues in order to match the practical setup in Fig. 4 to the theoretical setup in Fig. 2 . In Fig. 4 , mixers are used to accomplish the multiplication operation and a summing circuit is used for the addition operation. The maximum frequency of concern in this paper is as low as 500 MHz. As a result, the non-idealities of mixers and summing circuit are found negligible in our experiments. When mixers are considered ideal multipliers and when the summing circuit is considered an ideal adder, the mathematical relationship between output S(t) and input B(t) in Fig. 4 is expressed by the following equation.
In order to agree with the theoretical model in Fig. 2 , A 0 , A 1 , A 2 , and A 3 are desired to be identical to each other; in other words, the four channels are desired to have spectra with the same amplitude. φ 1 , φ 2 , and φ 3 are the phases of the 100-MHz signal, 200-MHz signal, and 300-MHz signal, respectively, when they reach the mixers. The theoretical model of Fig. 2 requires φ 1 , φ 2 , and φ 3 to be zero, such that the spectral lines of the four channels would be stitched Next, some numerical examples are presented to show that,
do not have to be satisfied rigorously in practice for the purpose of synthesizing narrow pulses. In Fig. 7 and Fig. 8 , S(t) in (5) is evaluated and plotted, with δ = 2π × (4 MHz) and N = 12. In Fig. 7 and Fig. 8 , S(t) is plotted when A 1 and φ 1 take various values. When A 1 = 1 and φ 1 = 0, S(t) = D (3N +1),δ (t) includes temporal pulses (please refer to Equation (2)). As observed from Fig. 7 and Fig. 8 , the pulse shape in S(t) does not change significantly when A 1 varies between 1 and 0.7 or when φ 1 varies between 0 and 40 • . However when φ 1 = 60 • , the change of pulse shape appears quite obvious. The numerical results in Fig. 7 and Fig. 8 indicate that, the ''spectrum stitching'' scheme is able to synthesize narrow pulses robustly when '
Meanwhile the numerical results in Fig. 7 and Fig. 8 show that, the amplitude non-uniformity should be smaller than 3 dB and the phase non-uniformity should be smaller than 40 degrees when two sub-signals are summed up. Because there are four sub-signals in our practical implementation, more stringent limits are applied. Specifically in our practical implementation, various amplifiers and attenuators are applied to adjust the amplitudes and achieve ''A 0 = A 1 = A 2 = A 3 '' approximately; the amplitude differences among the four channels are at most 1 dB. Also in our practical implementation, transmission lines with various lengths are applied to adjust the phases and achieve ''φ 1 = φ 2 = φ 3 = 0'' approximately; the phase differences among the four channels are not larger than 25 • .
The circuit system in Fig. 5 is implemented solely by commercial off-the-shelf components. The three frequency multipliers are manufactured by Wenzel with model numbers LNOEM, LNOM, and LNDD respectively. The mixers are purchased from Mini-circuits with model number ZX05-1L+. A wideband 1:4 power divider manufactured by MECA Electronics with model number 804-2-0.252 is employed as the summing circuit.
It is worthwhile noting that, there is a drastic difference between the hardware architecture of this work (in Fig. 5 ) and the architecture of ''analog bandwidth interleaving'' (in [21] ). The hardware in [21] heavily relies on analog filters, and the analog filters' characteristics must be calibrated and compensated in order to sum up the sub-signals correctly (please refer to [25] for detailed descriptions of calibration and compensation). In contrast, the hardware in Fig. 5 does not involve any analog filters. As a benefit of avoiding analog filters, the synthesis process of Fig. 5 could be accomplished without any calibration or compensation. Though avoiding calibration and compensation may lead to lower cost and lower complexity, it makes the entire system more prone to errors. Fortunately, numerical results in Fig. 7 and Fig. 8 indicate that, the proposed ''spectrum stitching'' circuit architecture is quite insensitive to various practical errors as far as generating narrow pulses is concerned, which is further verified by experimental results in Section III.
III. EXPERIMENTAL RESULTS
The input signal B(t) and output signal S(t) of the circuit in Fig. 5 are measured by an oscilloscope with sampling rate of 2 G samples per second, and their spectra are obtained from Fourier transforming the time domain waveforms. Some experimental results are reported in this section.
The normalized spectra of input signal and several output signals are plotted in Fig. 9 . The spectrum of B(t) includes spectral lines with δ = 2π × (4 MHz), and its spectral coverage is [−50 MHz, 50 MHz] approximately. When two channels (i.e., Channel 0 and Channel 1) are summed up, the output signal S 1 (t) has spectral coverage [−150 MHz, 150 MHz] approximately, as expected. With more channels incorporated, the spectral coverage gets larger and larger. When four channels (i.e., Channels 0, 1, 2, and 3) are summed The time domain waveforms corresponding to the spectra in Fig. 9 are plotted in Fig. 10 . All the input signal and output signals include periodic pulses with pulse repetition rate of 4 MHz. The pulse repetition rate is dictated by the waveform generator Agilent 33250A, and it can be adjusted straightforwardly. Because S 1 (t) has wider spectral coverage than B(t), the pulses of S 1 (t) are apparently narrower than the pulses of B(t) in Fig. 10 . The pulses of S 2 (t) and S 3 (t) are further narrower. It should be noted that, in Fig. 10 the waveforms are plotted with the same time reference in order to facilitate comparing the waveforms among one another visually, whereas in practice there are time delays among them. Figure 11 displays one pulse of S 1 (t) against one pulse of B(3t), both with normalized magnitudes. In Fig. 11, B(3t) is plotted by plotting B(t) with the horizontal axis (i.e., time axis) compressed by three times. Obviously, B(3t) is a ''compressed version'' of B(t): one pulse of B(3t) is three times narrower than one pulse of B(t). Because the two pulses in Fig. 11 have similar temporal widths, Fig. 11 demonstrates that one pulse of S 1 (t) is roughly three times narrower than one pulse of B(t), which agrees with the theoretical results in Table 1 . In Fig. 12 , one pulse of S 2 (t) is plotted against one pulse of B(5t); and in Fig. 13 , one pulse of S 3 (t) is plotted against one pulse of B(7t). Figures 12 and 13 intend to draw conclusions similar to Fig. 11 : one pulse of S 2 (t) is roughly five times narrower than one pulse of B(t) and one pulse of S 3 (t) is roughly seven times narrower than one pulse of B(t), as expected from the theoretical results in Table 1 . The waveform generator employed in our experiments as a DAC, Agilent 33250A, is an instrument with reasonably low price and is popularly adopted in undergraduate Electrical Engineering laboratory courses of many universities. It is limited to generating waveforms with 80-MHz bandwidth, and the sampling rate of 200 M samples per second is used in our experiments. Apparently, it is unable to generate the pulses of S 1 or S 2 or S 3 directly. To be more specific, the pulses in Fig. 13 have temporal width of 4 ns and bandwidth of 350 MHz approximately. If they were to be generated by a DAC, the DAC would be required to accommodate at least 700 M samples per second according to the sampling theorem, which would be much more expensive than Agilent 33250A. The low-cost circuit architecture in Fig. 5 therefore offers a cost-effective approach for generating narrow pulses.
Overall, the experimental results in Figs. 9 to 13 verify the fundamental scheme of the ''spectrum stitching'' technique: narrow pulses are successfully synthesized via combining sub-signals' spectra. It is noted that our practical implementation involves a large number of non-idealities. For instance, the ''spectrum stitching'' scheme in Fig. 2 is derived using Dirichlet signal, whereas B(t) is not an ideal Dirichlet signal. As another example, ''A 0 = A 1 = A 2 = A 3 '' and ''φ 1 = φ 2 = φ 3 = 0'' are not satisfied rigorously in the experiments. The errors produced by these non-idealities are quite visible in Fig. 9 . Though many of these errors can be corrected via calibration and compensation, in this paper we decide not to conduct any calibration or compensation. Experimental data in Figs. 11, 12, and 13 (which are obtained without any calibration or compensation) indicate that, the synthesis of narrow pulses is quite insensitive to various practical errors, as the temporal width of pulses in Figs. 11, 12 , and 13 is fairly close to the theoretical value. In other words, if we carried out calibration and compensation, the pulses' temporal width would not be reduced substantially. Of course, with criteria other than ''pulse width,'' it is possible that certain errors must be calibrated and compensated.
The experiments in this paper constitute a preliminary verification of the ''spectrum stitching'' technique. Though the prototype circuit is only capable of generating Dirichlet-like pulses, the fundamental architecture of ''spectrum stitching'' has the potential of generating arbitrary waveforms. In our ongoing research effort, regular mixers are replaced by quadrature modulators (in other words, each channel includes I and Q signals), and furthermore, the I and Q signals of each channel are generated by individual low-speed DACs. Combining multiple I and Q signals enables stitching complexvalued spectra, which would in turn facilitate synthesizing more diverse waveforms using low-cost circuits.
IV. CONCLUSION
This paper proposes a ''spectrum stitching'' circuit architecture to generate narrow pulses with high flexibility and without high cost. The desired narrow pulse signal is obtained via combining multiple sub-signals. The bandwidth of individual sub-signals is much smaller than the bandwidth of the desired pulse signal, and thus the sub-signals can be generated by low-speed DACs. When the sub-signals are combined, their spectra are stitched into the wideband spectrum of narrow pulse signal. A prototype circuit is implemented to verify the fundamental scheme of the proposed ''spectrum stitching'' technique. The experimental results demonstrate that, Dirichlet pulses with temporal width of approximately 4 ns are successfully synthesized through combining the outputs of a regular 80-MHz waveform generator. In addition, numerical and experimental results indicate that, the proposed ''spectrum stitching'' circuit architecture is quite insensitive to various practical errors. We are currently conducting more comprehensive investigations on the ''spectrum stitching'' technique and attempting to generate more diverse waveforms.
